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Deep inelastic scattering is investigated here as a tool to probe the polarized nucleon structure
function in nonsinglet case. During the solution of evolution equations in moment space we will
encounter with non-integer power of coupling constant. Therefore it is possible to use the approach
of fractional analytical perturbation theory (FAPT). Using this approach, the singularity of renor-
malized coupling constant is removed at Q = Λ scale as Landau pole and an opportunity would
be performed to employ the perturbative calculations at small values of energy scales even less
than Λ sclae. To modify the analytical perturbation theory, a newer approach is introduced, called
2δanQCD in which the analytical coupling constant at low energy region is controlling by two delta
functions. This model give us more reliable results for the concerned QCD observable and ends up
with safe infrared result. We intend to calculate the nonsinglet part of polarized nucleon structure
function, using 2δanQCD model and compare it with the result from conventional perturbative
QCD (pQCD). For this purposes we employ anQCD package in Mathematica environment to estab-
lish the analytic coupling constant. The results at some energy scales are also compared with the
available experimental data which involves good consistency with them. Investigating the results
indicates that the nucleon structure function at small energy scales contain smoother behaviour,
using 2δanQCD model than the conventional pQCD. It is due to the more converging consequence
of pertutbative series in the analytic perturbation theory. We also consider the Q2 dependence of
Bjorken sum rule (BSR), using 2δanQCD model. There is good agreement between the available
experimental data for BSR and the result from utilized model, specially at low energy scales.
PACS numbers: 12.38.Cy, 12.38.Aw, 12.38.Lg
I. INTRODUCTION
One is provided with new knowledge for hadron physics
by considering QCD analysis of deep-inelastic scattering
(DIS) data. On this base the theoretical understanding of
the hard scattering of leptons and hadrons can be tested
and our concerned reliability would be increased. Con-
sidering the twist expansion and factorization theorem
at large momentum transfer Q2 ≫ 1 GeV2, a reliable de-
scription of DIS would be obtained. By applying DIS pro-
cesses, we are able to better understanding the nucleon
structure function. The polarized and unpolarized struc-
ture functions are the quantities which are related to this
process and can be theoretically calculated. The energy
scale to determine the renormalized coupling constant
as the perterbative expansion parameter, is affecting the
numerical values of structure functions. From theoreti-
cal point of view some relations are needed to provide the
structure functions at a specific energy scale. They would
lead to the results which should be consistence with the
related experimental data. For this purpose at first the
valence quark densities, specially in polarized case which
are our concerned, are required. At the second step, evo-
lution of parton densities to high energy scales, Q2, are
needed. Therefore the role of the renormalized coupling
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constant, αs(Q
2), is predominant and should in details
be paid attention precisely.
The qualification of DIS as a hard process, is not ap-
propriate for low Q2, below 1 or 2 GeV 2 and it would
face with two essential difficulties. The first one is the
twist corrections at higher orders. They are dominantly
affecting the contribution of leading twist at small values
of energy scale. Secondly since αs(Q
2) as the QCD run-
ning coupling grows rapidly by approaching the energy
scale to Landau pole, i.e. Q ∼ ΛQCD then the pQCD
would not be reliable.
To resolve the outgoing problems, a new approach
should be applied that is called the Analytic Perturba-
tion Theory (APT) and has been developed by Shirkov,
Solovtsov et al. [1–6]. There, the running QCD cou-
pling of conventional perturbative QCD (pQCD) is trans-
formed into an analytic function of Q2 which is accord-
ingly called APT coupling constant. In this regard one
needs to a dispersion relation, involving a spectral density
or discontinuity function which is made from the imagi-
nary part of coupling constant in the complex Q2 plane.
In the framework of APT the images of coupling constant
which are corresponding to integer powers of the origi-
nal coupling constant can also be constructed. Later on
an extension to noninteger powers can be done which
is called fractional APT (FAPT). Some newer construc-
tions of coupling constant in analytic models of QCD,
involve the models which are based on the modifications
of spectral function at low energy scale. In this case the
spectral function is parameterized in a specific manner
2by adding two positive delta functions [7]. This model is
called 2δanQCD and we employ it in the required calcu-
lations throughout the whole parts of this paper.
It should be reminded that the APT is not the only
approach to obtain a proper behaviour of the coupling
constant at low energy, i.e. infrared (IR), scales. To
achieve an IR-safe QCD coupling one can refer specif-
ically to the AdS/CFT coupling of Brodsky, et al. [8]
and the dispersive coupling of Dokshitzer, et al. as well
[9, 10]. A last review and completed discussions of the
QCD running coupling constant at different approaches
can be found in [11].
The remainder of this paper consists of the following
sections: In Sec. II we shall provide a brief discussion
on the theoretical formalism for different aspects of an-
alytic perturbation theory, including 2δanQCD model.
In Sec. III we discuss the theoretical formalism of pQCD
and DIS processes where the Jacobi polynomials and the
rational expansion for the moment of polarized nucleon
structure function are also dealt with there. In Sec. IV
we shall employ the 2δanQCD model as the analytical
approach in pQCD to extract the moment of polarized
structure function at the NLO approximation. In Sec. V
we also utilize this model to extract the Bjorken sum rule
for polaized nucleon structure function. Finally we give
our summary and conclusion in Sec. VI.
II. AN OVERVIEW ON DIFFERENT ASPECTS
OF ANALYTIC PERTURBATION THEORY
It is now intended to resolve the problems which were
introduced in previous section, specially the second one,
i.e. increasing the QCD running coupling, αs(Q
2), at the
scale near to Landau pole. In this regard the FAPT ap-
proach could be suggested where it has been developed
in [1–6]. However other approaches like the the ones in
[8–10] have their own worthy to employ but we consider
here the FAPT approach. Following that we do upcom-
ing calculations, using a modification version of the APT
approach.
For this purpose, we first give a brief description of the
fractional feature of APT which is essentially based on
the Refs.[12]. In continuation we refer to a summarized
discussion of 2δanQCD model as modification to current
APT approach specially at low energy scale below the
Landau cut off scale, Λ, where the discontinuity region
between zero and Λ is not considered and eliminated in
FAPT. All the relations of this section have been mostly
paraphrased from Refs.[12, 13] and we are inevitable to
express them to clarify the discussed subject for readers.
In FAPT approach the running QCD coupling
as(Q
2) ≡ αs(Q2)/π of pQCD is transformed into a holo-
morphic function of Q2 in which the conversion a1s(Q
2)→
A1(Q2) is occurred for original coupling with the inte-
ger power, that is here equal to one. The new coupling
A1(Q2) is an analytic function of Q2 and is called APT
coupling constant.
As it is seen later on, the APT coupling is given by
a dispersion relation. In this relation there is a spectral
density, denoted by ρ(pt)(σ) ≡ Im αs(Q2 = −σ − iǫ)/π
which should not be changed in the complex Q2-plane
for the whole negative axis, given by condition σ ≥ 0.
For the unphysical cut, i.e. 0 < Q2 < Λ2, this spectral
function is set equal to zero [12]. Following the same
dispersion relation, based on the APT framework, the
images An(Q2) of integer powers which are related to
ans (Q
2) can also be constructed.
In contrast with the original ans (Q
2) the couplings
An(Q2) are changing slowly at low Q2 values. On the
other hand at large Q2 values these two couplings are
corresponding to each other.
FAPT approach which was pointed out before, is an
extension to noninteger powers ν in which aνs maps to
Aν [14–18]. This case has many applications to DIS pro-
cesses. One can refer to [19] which contains reasonable
results in considering DIS data for the hadron character-
istics. Alongside the FAPT framework there are various
analytic QCDmodels which can be found in Refs. [12, 20–
28]. One of them is called 2δanQCD model which would
be discussed later on in this section [7, 13].
In the framework of FAPT approach one can obtain
the following dispersion relation for the images A(l)ν of
the running coupling aνs (Q
2) ≡ (αs(Q2)/π)ν at the l-loop
order in the space like domain, by applying the Cauchy
theorem [1–6] :
A(l)ν (L) =
ˆ ∞
0
ρ
(l)
ν [σ]
σ +Q2
dσ =
ˆ ∞
−∞
ρ
(l)
ν (Lσ)
1 + exp(L− Lσ)dLσ .
(1)
In Eq.(1) Lσ is defined by ln(σ/Λ
2) while L = ln(Q2/Λ2).
The result of Eq.(1) does not contain any unphysical sin-
gularity at Landau pole.
The spectral densities ρ
(l)
ν in Eq.(1) has the following
representation which makes the required facilitating [1–
6]:
ρ(l)ν (Lσ) ≡
1
π
Im
(
as(l)(L − iπ)
)ν
=
sin[νϕ(l)(L)]
π
(
R(l)(L)
)ν , (2)
where
R(l)(L) =
∣∣as(l)(L − iπ)∣∣,
ϕ(l)(L) = arg
(
as(l)(L− iπ)
)
. (3)
Considering Eq.(2) together with Eq.(1), it is seen that
the images Aν does not obey the standard algebra such
that AνAµ 6= Aν+µ. This reality convenience people to
consider the FAPT as “ nonpower perturbative theory ”.
It can be proved that at one loop approximation, ϕ(1)
and R(1) in Eq.(2) have the simplest presentations and
are given by [12]:
ϕ(1)(L) = arccos
(
L√
L2 + π2
)
, R(1)(L) = β0
√
L2 + π2.
(4)
3One can reproduce at Q2 = 0 the maximum value for
A(1)1 (L), i.e. A(1)1 (L = −∞) which is proved to have the
well known expression as in below [1].
A(1)1 (−∞) =
ˆ ∞
−∞
dLσ
β0(L2σ + π
2)
=
1
β0
> A(1)1 (L) . (5)
For this purpose, it is needed to substitute Eq.(4) in
Eq.(2) and then insert in Eq.(1) the result for ρ
(1)
1 .
The situation becomes more complicated, considering
the two loop approximations. In this case the solution
of QCD-β function will yield us the following result for
as(2) in terms of the Lambert-W function [12]:
as(2) = − 1
c1
1
1 +W−1(zW (L))
, (6)
where
R(2)(L) = c1(nf ) |1 +W−1(zW (L + iπ))| ,
ϕ(2)(L) = arccos
[
Re (1 +W−1(zW (L+ iπ)))
R(2)(L)
]
. (7)
Here W−1(z) is representing the appropriate branch of
the Lambert-W function. Extending the calculations up
to four-loop approximations can be found in [29].
Due to the linearity of the transforms in Eq.(1) there is
a one to one correspondence among the pQCD and FAPT
expansion [5]. This linearity can be exposed, considering
single scale quantity D(Q2, µ2R) at the renormalization
scale µ2R = Q
2 within the minimal subtraction scheme.
In this regard the expansions for D and its corresponding
image, i.e. D have the following expansions [12]:
pQCD: D(Q2) = d0a
ν0
s (Q
2) +
∑
n
dn a
n+ν0
s (Q
2) , (8)
FAPT: D(Q2) = d0Aν0(Q2) +
∑
n
dn A(n+ν0)(Q2).(9)
It should be noted that di coefficients are identical in
both expansions while for the numerical purpose the
µ2R = Q
2 is used.
After the summarized description of FAPT approach,
it is now turn to present a brief discussion about the
other APT model in which at low energy scale and be-
low the Landau pole, contains a modified spectral den-
sity. It is therefore expecting, by applying this model,
to obtain more reliable results, arising out the analyti-
cal QCD (anQCD) approach. This model as we refereed
it before, is called 2δanQCD. Our calculations in this
paper are entirely based on utilizing this model.
The 2δanQCD model [7] is like the FAPT model such
that part of its related pQCD coupling a(Q2) is governing
by ImA(−σ − iǫ) = ρ(σ) which is valid for σ values,
equal or greater than M20 which is around ∼ 1 GeV as a
typically pQCD scale. In this model for the low-σ regime,
i.e. 0 < σ < M20 , the behaviour of discontinuity function
ρ(σ) ≡ ImA(Q2 = −σ− iǫ) is controlling by two positive
delta functions. As it is expected the coupling A(Q2) for
the whole range of σ values is presented by a dispersion
relation which in addition to two delta functions, contains
as well the ρ1(σ) function. The unknown parameters of
the delta functions, including M0 scale, are determined
by two requirements [30]. The first one is to match the
model with the pQCD effectively at large Q2 > Λ2 where
it is assumed Λ2 ∼ 0.1 GeV2. Secondly the model should
be able to reproduce the reported experimental rate for
the τ lepton semihadronic nonstrange V +A decay ratio,
i.e. rτ = 0.203 .
When the analytic analog of a(Q2), presented by
A(Q2), is known then the physical QCD quantities which
is generally represented, as in Eq.(8), by D(Q2) can be
evaluated with respect to A(κQ2). In terms of the pQCD
coupling a(κQ2), theD(Q2) is written as a truncated prt-
turbative series such that:
D(Q2)[N] = a(κQ2)ν0 + d1(κ)a(κQ
2)ν0+1 + . . .
+dN−1(κ)a(κQ
2)ν0+N−1. (10)
We should remind that in anQCD the simple replace-
ment a(κQ2)ν0+m 7→ A(Q2)ν0+m is not applicable since
it makes the perturbative series to diverge rapidly by
increasing the power index N (see [31]). Therefore the
introduced formalism in [25, 26] for the case of integer
ν0 and the one in [30] for general case, are needed to
overcome the difficulty. Consequently the following re-
placement would be arising:
a(κQ2)ν0+m 7→ Aν0+m(Q
2)
[
6= A(Q2)ν0+m
]
. (11)
From A(Q2) the analog for powered analytic coupling,
Aν0+m(Q2), can be obtained using the following con-
struction. First one needs to the logarithmic derivatives
of A(Q2) which is given by [30]
A˜n+1(Q
2) ≡
(−1)n
βn0 n!
(
∂
∂ lnQ2
)n
A(Q2) , (n = 0, 1, 2, . . .) ,
(12)
here β0 = (11−2Nf/3)/4 and it is obvious that A˜1 ≡ A.
Considering anQCD coupling A, Eq.(12) can be writ-
ten in terms of the discontinuity function ρ(σ) ≡
ImA(−σ − iǫ) where the Cauchy theorem is used along
concerned cut line. Therefore Eq.(12) would be demon-
strated as it follows [25, 26]:
A˜n+1(Q
2) =
1
π
(−1)
βn0 Γ(n+ 1)
ˆ ∞
0
dσ
σ
ρ(σ)Li−n(−σ/Q
2) .
(13)
The generalization to the noninteger n 7→ ν is given by
[30]:
A˜ν+1(Q
2) =
1
π
(−1)
βν0Γ(ν + 1)
ˆ ∞
0
dσ
σ
ρ(σ)Li−ν
(
−
σ
Q2
)
(−1 < ν) .
(14)
Instead of ρ the above equation can be represented with
respect to A (≡ A˜1) such that [32]
A˜δ+m(Q
2) = Kδ,m
(
d
d lnQ2
)m ˆ 1
0
dξ
ξ
A(Q2/ξ) ln−δ
(
1
ξ
)
.
(15)
4HereKδ,m = (−1)mβ−δ−m+10 /[Γ(δ+m)Γ(1−δ)] in which
m = 0, 1, 2, . . . and 0 ≤ δ < 1. Eq.(15) is originated from
Eq. (14), using the following expression for the Li−ν(z)
function [32]:
Li−n−δ(z) =
(
d
d ln z
)n+1 [
z
Γ(1− δ)
ˆ 1
0
dξ
1− zξ
ln−δ
(
1
ξ
)]
(n = −1, 0, 1, . . . ; 0 < δ < 1) . (16)
Combining various generalized logarithmic derivatives,
regarding the coefficients k˜m(ν) in [30], the analytic
analogs Aν of powers aν would be accessible:
Aν = A˜ν +
∑
m≥1
k˜m(ν)A˜ν+m . (17)
Reminding that in 2δanQCD model at high momenta,
σ ≥M20 , the discontinuity function ρ(σ) ≡ ImA(−σ− iǫ)
is given by ρ(pt)(σ) [≡ Im a(−σ − iǫ)]. In the low mo-
mentum region it is approximated by two delta functions,
such that [13]:
ρ(2δ)(σ) = πF 21 δ(σ−M
2
1 )+πF
2
2 δ(σ−M
2
2 )+Θ(σ−M
2
0 )ρ
(pt)(σ) .
(18)
Therefore the 2δanQCD coupling is representing by
A˜(2δ)ν (Q
2)=
(−1)
βν0Γ(ν+1)
{ 2∑
j=1
F 2j
M2j
Li−ν
(
−
M2j
Q2
)
+
1
π
ˆ ∞
M20
dσ
σ
Ima(−σ−iǫ)Li−ν
(
−
σ
Q2
)}
. (19)
In Eq.(19) the parameters F 2j and Mj (j = 1, 2) are
determined by this assumption that deviation from the
conventional pQCD result at high Q2 > Λ2 is such that
A(2δ)ν (Q2) − a(Q2)ν ∼ (Λ2/Q2)5. To fixed the M0 scale,
as it is said before, the model should be able to repro-
duced the measured semihadronic decay ratio rτ ≈ 0.20
for the strangeless and massless V +A tau lepton [33].
In 2δanQCD model the coupling a of the conventional
pQCD, for convenience, is chosen in terms of Lambert-W
function such that
a(Q2) = −
1
c1
1
1− c2/c21 +W∓1(z±)
. (20)
In this equation c1 = β1/β0 and Q
2 = |Q2|eiφ. The up-
per and lower sign refer to φ ≥ 0 and φ < 0 respectively
and finally the z variable is representing by:
z± = (c1e)
−1(|Q2|/Λ2)−β0/c1exp [i(±π − β0φ/c1)] . (21)
The scheme parameter c2 would be in the interval−5.6 <
c2 < −2 with c2 = −4.9 as the preferred value [13].
In Fig. 1 the strong running coupling constant, using
2δanQCD model is plotted at the next-to-leading order
(NLO) approximation verses the scale energy, Q2, and
compared with the one from conventional pQCD. As can
be seen the result from 2δanQCD model is terminated
to finite value at the very low energy scale, even smaller
than Λ as a cut-off QCD parameter while the coupling
from conventional pQCD increases rapidly and goes to
infinity near the Λ scale.
Now back to Eq.(17) any QCD observable can be cal-
culated within 2δanQCD model. In following sections
we employ this model to analysis the polarized nucleon
structure function and the related Bjorken sum rule.
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Figure 1: (Color online) The coupling A2δ1 in 2δanQCD
models with ν = 1 and Nf = 3 as a function of Q
2. The
dashed line is representing the conventional pQCD coupling.
III. NLO EVOLUTION OF POLARIZED
PARTON DENSITIES, RATIONAL
APPROXIMATION AND JACOBI
POLYNOMIALS
The accuracy of desired calculations would be revealed
during the evaluation of concerned quantity which is here
the polarized nucleon structure function. The precision
then depends on the method to calculate structure func-
tion. It is therfore necessary to characterize the employed
method. One of the reliable method is to use the Jacobi
polynomials which lead to sufficient precision to evolve
function with Q2 energy scale. Using Mellin transforma-
tion, the result in Bjorken x-space is directly obtained
from the evolved moment of structure functions in n-
space.
Before to employ the Jacobi method, it is required to
assert some technical details how the evolution of polar-
ized parton densities in moment n-space can be done. In
this regard an approximated method is introduced which
yield us the required expansion for the concerned mo-
ment. For this purpose, at first we need to ∆P
(0)n
NS which
is simply the nth moment of non singlet splitting function
at leading order [34]:
∆P
(0)
NS(n) =
4
3
[
3
2
+
1
n(n+ 1)
− 2S1(n)
]
. (22)
5In this equation S1(n) ≡
n∑
j=1
1
j
= ψ(n + 1) + γE where
ψ(n) is defined by ψ(n) ≡ Γ′(n)Γ(n) and γE = 0.577216 which
is denoted to Euler-Mascheroni constant.
As a result of solution for QCD β-function, the renore-
malized coupling constant up to NLO approximation is
given by [35]:
as(Q
2) =
αs(Q
2)
4π
≃ 1
β0 lnQ2/Λ2
− β1
β30
ln lnQ2/Λ2
(lnQ2/Λ2)2
.
(23)
Here β0 = 11 − 23Nf and β1 = 102 − 383 Nf are the first
two universal coefficients of QCD β-function where Nf is
denoting the number of active quark flavors.
The solution of the NLO evolution equation for mo-
ment of structure function will lead to [36]:
∆MNS(n,Q
2) =
1 +∆C
(1)
NS (n)as(Q
2)
1 + ∆C
(1)
NS (n)as(Q
2
0)
(
1 + (β1/β0)as(Q
2)
1 + (β1/β0)as(Q20)
)∆p(n)
×
[
as(Q
2)
as(Q20)
]∆dNS(n)
∆MNS(n,Q
2
0) . (24)
In above equation the Wilson coefficient ∆C
(1)
NS is given
by [34]
∆C
(1)
NS =
4
3
[
−S2(n) + (S1(n))2 +
(
3
2
− 1
n(n+ 1)
)
×S1(n) + 1
n2
+
1
2n
+
1
n+ 1
− 9
2
]
(25)
where S2(n) ≡
∑n
j=1
1
j2
= pi
2
6 −ψ′(n+1) in which ψ′(n) =
d2 ln Γ(n)
dn2
.
In Eq.(24) ∆MNS(n,Q
2
0) can be obtained from the mo-
ment of polarized parton densities, ∆fNS(n,Q
2
0), as it
follows:
∆MNS(n,Q
2
0) =
(
1 + ∆C
(1)
NS (n)as(Q
2
0)
)
∆fNS(n,Q
2
0) .
(26)
Here ∆fNS(n,Q
2
0) which is the moment of parton den-
sities at the initial scale Q20 would be illustrated in the
rest part of this section. The ∆dNS(n) and ∆p(n) in
Eq.(24) as the moment of the required splitting functions
are given by [36]:
∆dNS(n) = −2∆P (0)NS (n)/β0, (27)
∆p(n) = −4
(
∆P
(1)
NS (n)
β1
− ∆P
(0)
NS (n)
2β0
)
. (28)
One of the method to obtain the solution for moment
of structure function in Eq.(24) is to use the rational
approximation which is indispensable when we intend to
employ the analytic perturbation theory. On this base,
the following factor in Eq.(24)
(
1 + (β1/β0)as(Q
2)
1 + (β1/β0)as(Q20)
)∆p(n)
, (29)
which is denoted by ∆m(n,Q2) would have the follow-
ing expansions up to O(as) and O(a2s) accuracy respec-
tively [36]:
∆m
(1)
pQCD(n,Q
2) ≃ 1 + (β1/β0)∆p(n)as(Q
2)
1 + (β1/β0)∆p(n)as(Q20)
,
∆m
(2)
pQCD(n,Q
2) ≃ 1 + (β1/β0)∆p(n)as(Q
2) + (β21/2β
2
0)∆p(n)(∆p(n) − 1)a2s(Q2)
1 + (β1/β0)∆p(n)as(Q20) + (β
2
1/2β
2
0)∆p(n)(∆p(n) − 1)a2s(Q20)
. (30)
The polarized splitting function ∆p(n) in Eq.(30) is ob-
tained by Eq.(28). In this regard the analytical expres-
sion for ∆P
(1)
NS± is required which is presented in Ap-
pendix A.
To construct the moment of structure functions, one
needs to the polarized parton densities at initial Q20 as
the input densities. We take them from the data-based
KATAO PDFs at Q20 = 4 GeV
2 such that [37]:
x∆uv(x,Q
2
0) = Nuv ηuv xαuv (1− x)βuv (1 + γuvx) ,
x∆dv(x,Q
2
0) = Ndv ηdv xαdv (1− x)βdv (1 + γdvx).(31)
One of the reason which makes the chosen Q20 initial
scale as a proper one is that at such scale the result for
2δanQCD coupling practically coincides with the conven-
tional pQCD coupling. The numerical values for ηqv and
αqv , βqv , γqv parameters are listed in Table I. The nor-
malization constants Nqv
1
Nqv
=
(
1 + γqv
αqv
αqv + βqv + 1
)
B(αqv , βqv + 1), (32)
are chosen such that ηqv is considered as the first mo-
ments of x∆qv(x,Q
2
0), i.e. ηqv =
´ 1
0
dx∆qv(x,Q
2
0). The
B(a, b) in Eq.(32) is the Euler beta function. Details of
computations to obtain numerical values for the first mo-
ments of ∆uv and ∆dv are being dealt in the following
subsection.
6ηuv 0.928 (fixed) ηdv −0.342 (fixed)
∆uv αuv 0.535 ± 0.022 ∆dv αdv 0.530 ± 0.067
βuv 3.222 ± 0.085 βdv 3.878 ± 0.451
γuv 8.180 (fixed) γdv 4.789 (fixed)
αs(Q
2
0) = 0.381 ± 0.017
Table I: Numerical values for the first moment parameters
of ∆uv and ∆dv and their statistical errors in the MS scheme
at the input scale Q20 = 4 GeV
2 in NLO approximation,
based on the KATAO parameterizations model [37].
A. First Moments of ∆uv and ∆dv
The parameter ηqv or specifically ηuv and ηdv are the
first moment of the polarized valence quark densities,
∆uv and ∆dv respectively. These moments can be re-
lated to F and D quantities as measured in neutron
and hyperon β–decays, considering the following expres-
sions [38]:
a3 =
ˆ 1
0
dx∆q3 = ηuv − ηdv = F +D , (33)
a8 =
ˆ 1
0
dx∆q8 = ηuv + ηdv = 3F −D . (34)
In these equations a3 and a8 are the non-singlet combi-
nations of the first moments which are constructed from
the polarized parton densities such that
∆q3 = (∆u +∆u)− (∆d+∆d) , (35)
∆q8 = (∆u +∆u) + (∆d+∆d)− 2(∆s+∆s) . (36)
Doing a reanalysis for F and D with updated β-decay
constants, one obtains F = 0.464±0.008 andD = 0.806±
0.008 [38]. Consequently the following numerical values
will be obtained for the first moments of polarized valence
densities:
ηuv = +0.928± 0.014 , (37)
ηdv = −0.342± 0.018 . (38)
Back to the past, the full results for the moment of
nucleon polarized structure functions are now accessible.
It is therefore necessary to obtain the structure functions
in Beoken-x space. This can be done, using the Jacobi
polynomial method which we discuss about it in the next
subsection.
B. THE JACOBI POLYNOMIAL METHOD
Based on the Jacobi polynomial method, polarized
structure function, xgNS1 (x,Q
2), can be expanded as it
follows [37, 39–42]:
xgNS1 (x,Q
2) = xβ(1 − x)α
Nmax∑
n=0
an(Q
2) Θα,βn (x) . (39)
In above equation Θα,βn (x) are Jacobi polynomials of or-
der n and Nmax is the maximum order of expansion.
The Jacobi polynomials provide an occasion to separate
the main part of the x-dependence of structure function
into a weight function, i.e. xβ(1 − x)α while the Q2-
dependence is embodied by the Jacobi moments an(Q
2)
[43].
Considering the favorable weight function, an orthogo-
nality relation is satisfied by the Jacobi polynomials such
as:
ˆ 1
0
dx xβ(1− x)αΘα,βk (x)Θα,βl (x) = δk,l . (40)
Using the orthogonality relation, Eq. (39) can be inverted
to yield us the the Jacobi moments an(Q
2):
an(Q
2) =
ˆ 1
0
dx xg1(x,Q
2)Θα,βk (x)
=
n∑
j=0
c
(n)
j (α, β) ∆M [xg
NS
1 , j + 2] . (41)
To derive the last line in above equation, it is needed
to substitute Eq. (39) for xgNS1 (x,Q
2) into the first line
of Eq. (41) and to use the Mellin transform:
∆M [xgNS1 , N ] ≡
ˆ 1
0
dx xN−2 xgNS1 (x,Q
2) . (42)
The polarized structure function xgNS1 (x,Q
2) can now
be related to Mellin moment as it follows [37]:
xgNS1 (x,Q
2) = xβ(1− x)α
Nmax∑
n=0
Θα,βn (x)
×
n∑
j=0
c
(n)
j (α, β) ∆M [xg
NS
1 , j + 2] .(43)
It is required to choose the set {Nmax, α, β} such that to
attain an optimal convergence of the series. This conver-
gence should contain the whole kinematic region and to
cover the related experimental data. An improvement is
achieved for α = 3.0, and β = 0.5 while the upper limit
of the polynomials expansion are varying from seven to
nine [42].
As an adjunction to the provided method, people may
wish to obtain the structure function xgNS1 (x,Q
2), us-
ing the inverse Mellin transform for moment of structure
function. On this base, one obtains for xgNS1 (x,Q
2) the
following expression in which a convenient path of inte-
gration is chosen:
xgNS1 (x,Q
2) =
1
π
ˆ 5+ 10
ln(1/x)
0
dzIm[eiφx1−c−zexp(iφ)
∆MNS(N = c+ ze
iφ)]. (44)
7In this integration, it is assumed c = 1.9 and φ = 3pi4 [44].
Now we are able to construct the polarized structure
function in 2δanQCD model, based on the Jacobi poly-
nomials which is considered in the following section.
IV. EXTRACTING THE POLARIZED
STRUCTURE FUNCTION, USING 2δANQCD
MODEL
Here we are going to employ the 2δanQCD model to
construct the polarized nucleon structure function. In
this regard the sense of expansion parameter, i.e. as,
would be deformed.
By replacing the powered coupling constant, aνs , in con-
ventional pQCD with the analytic coupling Aν , the mo-
ments ∆MNS as the the analytic images of ∆MNS is ob-
tained. It should be noted that the ν quantity in analytic
coupling is an index rather than a power. The referred
replacement in Eq.(24), while the first rational approx-
imation in Eq.( 30) is employed, will lead to following
result [12]:
∆MNS(n,Q2) =
A∆dNS(n)(Q2) +
(
∆C
(1)
NS (n) +
β1
β0
∆p(n)
)
A∆dNS(n)+1(Q2)
A∆dNS(n)(Q20) +
(
∆C
(1)
NS (n) +
β1
β0
∆p(n)
)
A∆dNS(n)+1(Q20)
∆MNS(n,Q20). (45)
We then imply this formalism with the help of the main
module Mathematica package that is called anQCD.m as
introduced in [13].
Table II: The accuracy in percent for the difference of the
approximations ∆m(1,2) =
|∆m(1)−∆m(2)|
∆m(1)
for pQCD: ∆m
(1,2)
pQCD
and for anQCD in 2δanQCD: ∆m
(1,2)
anQCD. The results are
presented in one ranges of Q2: low Q2 ∼ 0.17 GeV2.
n 2 4 6 8 10
∆m
(1,2)
pQCD% 1.372 0.817 0.177 0.368 0.824
∆m
(1,2)
anQCD% 0.499 0.296 0.0642 0.132 0.296
Using the corresponding command in the modual for
the analytic coupling in 2δanQCD model at two loop
approximation , we could write [13]
A(2)∆dNS(n)(Q2) =
A2d2l[3, 0,∆dNS(n), Q2, 0]
4
. (46)
Substituting Eq. (46) in the right-hand side of Eq. (45),
can lead the proper numerical result for the moment
of the structure functions in the anQCD approach. It
should be noted that there are some other commands
in [13] for the anQCD coupling in 2δanQCD model but
the one in Eq.(46) is more appropriate for our numerical
purpose with sufficient precise.
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Figure 2: (Color online) Nonsinglet structure function
xg
(NS)
1 (x,Q
2) verses Q2 at NLO. The dashed lines represent
the 2δanQCD results, raised out from ∆m
(1)
anQCD and
∆m
(2)
anQCD in Eqs.(47,48) and the solid line the pQCD one.
Comparison with the available experimental data [59–61]
has also been done.
As more explanation, it should be said that
A2dNl[Nf , n, ν, |Q2|, φ] is representing the N -loop an-
alytic 2δanQCD coupling A(2δ)n+ν(Q2, Nf ) of fractional
power n + ν where ν > −1 and index n is such that
n = 0, 1, . . . , N − 1. Here the active quark flavors Nf is
fixed. In the Euclidean domain the energy scale Q2 is
given by Q2 = |Q2| exp(iφ) ∈ C\[−M2thr.,−∞) in which
M2thr. =M
2
2 that is applicable for the N
n−1LO truncation
approach [13].
As it is obvious the corresponding for Eq. (30) in an-
QCD approach is given by
∆m
(1)
anQCD(n,Q
2) ≃ 1 + (β1/β0)∆p(n)A1(Q
2)
1 + (β1/β0)∆p(n)A1(Q20)
, (47)
∆m
(2)
anQCD(n,Q
2) ≃ 1 + (β1/β0)∆p(n)A1(Q
2) + (β21/2β
2
0)∆p(n)(∆p(n) − 1)A2(Q2)
1 + (β1/β0)∆p(n)A1(Q20) + (β21/2β20)∆p(n)(∆p(n) − 1)A2(Q20)
. (48)
One can construct from Eqs. (30) a combined quantity such that ∆m(1,2) = |∆m(1) − ∆m(2)|/∆m(1). As a re-
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Figure 3: (Color online) Nonsinglet structure function
xg
(NS)
1 (x,Q
2) verses x in NLO approximation. The solid
line represents the 2δanQCD result and the dashed line the
pQCD one. Comparison with the available experimental
data [51, 59–61] has also been done.
sult we obtain an accuracy better than 1% for any n ≤ 11
while the expansion of Jocobi polynomials contain nine
terms to yield us a good approximation. This accuracy is
obtained for both conventional pQCD and analytic per-
turbation theory, based on the 2δanQCD model, respec-
tively. The related numerical results for the concerned
accuracy at energy scale Q2 ∼ 0.17GeV2 are collected
in Table II. This confirms that the first rational approx-
imation, ∆m
(1)
anQCD(n,Q
2) in Eq.(47), contains the suffi-
cient precision in which Eq.(45) gives us desired results
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Figure 4: (Color online) Nonsinglet structure function
xg
(NS)
1 (x,Q
2) verses x in NLO approximation at low energy
scales. The solid line with smooth behaviour, represents the
2δanQCD result and the dashed line the pQCD one.
for the moment of polarized nucleon structure function
in anQCD approach. The results, arising out from the
two approximations are depicted in Fig. 2. The plots
in this figure denoted by 2δanQCD(1) and 2δanQCD(2),
which are related to the two approximated expansions
in Eqs.(47,48), are in good agreement with each other
and also with the available experimental data. It once
again indicates that employing the first approximation
in Eq.(47) accomplishes the result with the required pre-
cision.
It is also possible to make the polarized nonsinglet
9structure function with respect to x-variable. We present
in Fig. 3 the result for xgns1 at Q
2 = 10, 1.5 and 0.5 GeV 2
arising out from 2δanQCD model as well as conventional
pQCD and compare them with the available experimen-
tal data from SLAC [51], HERMES [54], SMC [60] and
COMPASS [61] experimental groups. As it is expected,
at high and medium energy scales there are good agre-
ment between theoretical predications and the experi-
mental data. Fig. 4 is like the Fig. 3 but at low energy
scales like Q2 = 0.2, 0.17 and 0.07 GeV 2. By decreasing
the energy scales the difference between 2δanQCD model
and the conventional pQCD becomes more and more.
At Q2 = 0.07 GeV 2 the result of conventional pQCD for
x ≥ 0.1 grows up rapidly and also oscillates. We are then
inevitable to multiply the result from 2δanQCD model
by factor 40 in which the comparison with conventional
pQCD can be done. The plots of Fig. 4 indicate that
the xgns1 structure function involves smooth behaviour
at very low energy scale, using 2δanQCD model. It can
be considered as the concession of this model with respect
to the conventional pQCD.
Since at the moment there are not any available ex-
perimental data at low energy scales for xgns1 therefore
the plots in Fig. 4 are depicted without any compari-
son with experimental data. In fact there are individual
experimental data for the polarized proton and neutron
structure functions, gp1 and g
n
1 at the refereed low energy
scales but since they are binned differently with respect
to the x-Bjorken variable and Q2 scales, therefore they
can not been used to construct the data points for xgns1 .
Consequently up to now there are not any published data
on gp1 − gn1 and the comparison with the experimental
data cannot be done for the polarized nonsinglet struc-
ture function at these low energy scales. This is why we
are not able to append any experimental data in different
plots of Fig. 4 .1
V. THE Q2 DEPENDENCE OF BJORKEN SUM
RULE IN ANQCD APPROACH
Here we investigate the Bjorken sum rule (BSR) [45]
in 2δanQCD model. This sum rule is relating the spin
dependence of quark densities to the axial charge. To
understand the nucleon spin structure the BSR is im-
portant and considering its Q2-dependence, one can at-
tain this reality that Quantum Chromodynamics (QCD)
can describe well the strong force in polarized case. The
BSR has been measured at SLAC, DESY and CERN [46–
51, 54–60] via polarized deep inelastic lepton scattering
process. It has also been measured at moderate values for
transferred momentum, Q2, by Jefferson Lab (JLab) [62–
64] where Q2 momentum that is probing the nucleon, is
related to the inverse of space-time scale. The BSR at
1 We thank S. Kuhn for useful comments on this point.
high Q2 and in conventional pQCD would be given by
[65–67]:
Γp−n1 ≡
ˆ 1
0
(gp1(x,Q
2)− gn1 (x,Q2)) =
gA
6
[
1− αs
π
− d1α
2
s
π2
− d2α
3
s
π3
+ d3
α4s
π4
+ . . .
]
+
∞∑
i=2
µp−n2i (Q
2)
Q2i−2
.
(49)
In this equation the spin-dependent for the proton and
neutron structure functions are representing by gp1 and g
n
1
respectively. The strength of neutron β-decay is control-
ling by gA which is denoting the nucleon axial charge.
Soft gluon radiation in pQCD causes the leading twist
term (known as µ2) , presented by bracket term, de-
pends gently on Q2. The di coefficients up to α
4
s order
can be found in [66]. The sigma part, containing µ4, µ6
and etc. are including the non-perturbative power cor-
rections which are usually known as higher twists (HT).
The higher twists in fact indicates the correlation be-
tween quarks and gluons. For a well understanding of
the nucleon structure at low energy scale, analysing the
HT is essential. This is why the people are interesting
to follow as well this subject in anQCD approach as we
referred it in the introduction section.
The anQCD modification of BSR , using 2δanQCD
model, with HT power corrections looks like:
Γp−n1 = Γ
p−n
1,anQCD +
∞∑
i=2
µanQCD2i (Q
2)
Q2i−2
(50)
where
Γp−n1,anQCD =
gA
6
[
1−∆p−n1,anQCD(Q2)
]
,
and
∆p−n1,anQCD = d1A2δ1 + d2A2δ2 + d3A2δ3 + d4A2δ4 .
The higher twist effects is considered in Eq.(50) such
that the term with the dimension D = 2, i.e., µ4 which is
proportional to 1/Q2, contains the following coefficients
[68]:
µ4 =
M2N
9
(ap−n2 + 4d
p−n
2 + 4f
p−n
2 (Q
2)) (51)
In this equation the nucleon mass, MN , is approximated
to ≈ 0.94 GeV and the coefficient ap−n2 is representing
the twist-2 target mass correction where dp−n2 is related
to twist-3 matrix element [68]. These coefficients can be
computed, using the following relations [69]:
ap−n2 =
ˆ 1
0
dxx2gp−n1 ,
dp−n2 =
ˆ 1
0
dxx2(2gp−n1 + 3g
p−n
2 ) , (52)
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where g2 structure function is given by [70]:
g2(x,Q
2) = −g1(x,Q2) +
ˆ x
0
dy
y
g1(y,Q
2) . (53)
It should be noted that gp−n2 in Eq.(52) is denoting
to difference between gp2 and g
n
2 , i.e, g
p
2 − gn2 where
similar definition is used as well for gp−n1 . Since we
access to the polarized structure functions gp1 and
gn1 (see Eq.(43)) then it is possible to obtain the
numerical values for ap−n2 and d
p−n
2 in Eq.(52) at
Q2 = 1 GeV 2. What we get for the numerical values
of theses coefficients are: ap−n2 = 0.015743 ± 0.000128
and dp−n2 = 0.0000 ± 0.00032. For the fp−n2 coefficient
we assume an evolution form in anQCD approach such
that fp−n2 (Q) = f
p−n
2 (Q0)
(
A2δγ0
8β0
(Q2)
A2δγ0
8β0
(Q2in)
)
as it assumed
in [68].
It is obvious that the fp−n2 is computed in 2δanQCD
approach but we should notice that the a2 and d2 coef-
ficients as twist-2 and twist-3 quantities respectively are
obtained in conventional pQCD. In fact the integrals in
Eq.(52) are computed such that the g1 and g2 polarized
structure functions are extracted, using traditional global
fit as in [37, 40]. We extend our computations up to forth
higher twist such that in addition to µ4 and µ6 we also
consider the µ8 term. In our calculations we have to-
tally three free parameters µ6, µ8 as well as f
p−n
2 (Q0)
which can be obtained by fitting to the available exper-
imental data for the BSR. By submitting the fitting nu-
merical values in the sigma part of Eq.(50) the analyt-
ical result for Γp−n1 would be achieved in the 2δanQCD
model. In Fig. 5 we depict Γp−n1 and compare the result
from 2δanQCD model with the one from conventional
pQCD as well as with the E143 , E154 and E155 [51–
53] and JLab [62, 63, 69] experimental data. The good
agreement between the available experimental data and
analytical result from 2δanQCD model, in comparison
with the conventional pQCD specially at low energies,
confirms that anQCD approach, based on the employed
model, is working well.
VI. SUMMARY AND CONCLUSION
As a new theoretical approach to analysis the DIS
processes the analytic perturbation theory, based on the
2δanQCD model, is employed to construct the polarized
nucleon structure function in nonsinglet case and also to
analysis the Q2 dependence of Bjorken sum rule.
Using this approach it is possible to analyze the po-
larized structure function in the whole Q2 range at the
leading-twist order. On this base one may conclude some
outstanding characteristics, arising from the anQCD ap-
proach. At first it can be shown that the xgNS1 (x,Q
2)
structure function at fixed x value and in the whole range
0 1 2 3 4 5 6
Q2
0
0.1
Γp
-n 1(Q
2 )
E155
E154
E143
JLAB EG1-dvcs
JLAB EG1b
JLAB EG1a
2δ anQCD
pQCD
Figure 5: (Color online)The BSR, Γp−n1 (Q
2), resulted from
two models.The red line gives the result from 2δanQCD
model and black line from the conventional pQCD. Other
symbols show the data from E143 , E154 and E155 [51–53]
and JLab [62, 63, 69] experiments.
of Q2 are slowly changing. The plot in Fig. 2 reveals this
feature. Secondly the results of pQCD and anQCD ap-
proach at moderate and high Q2 scales are consistence
with each other as can be seen from the depicted plots
in Fig. 3. Thirdly evolution in anQCD approach evolves
slower and consequently becomes smoother with respect
to the conventional pQCD at low energy scales. This
fact can be seen from the three plots in Fig. 4 which are
related to typical low energy scales at Q2=0.2, 0.17 and
0.07 GeV 2 respectively. Consequently one may conclude
that the analytic series in anQCD approach, using the
2δanQCD model, is converging more quickly than the
pQCD specially at low Q2 values.
We also investigated the Q2 dependence of Bjorken
sum rule in anQCD approach, using the 2δanQCDmodel.
The result has been shown by Fig. 5 which indicated
good agreement with the available experimental data
in the whole interval of energy scales. The appreci-
ated agreement between them specially at low energy
scales confirms the validity of the employed anQCD ap-
proach. A comparison has also been done with the result
from conventional pQCD which indicated the priority of
2δanQCD model in inspecting the QCD observable like
BSR at low energies .
All these features back to this reality that the be-
haviour of analytic coupling is under control in the entire
range of Q2 values specially at Q2 7→ 0. This outstanding
feature has been presented in Fig. 1.
As a final point we should mention that the plots
in Fig. 2 are resulted from Eq. (45) in 2δanQCD
model. In this case the Jcobbi polynomial expansion is
11
used (see Eq.(43)) to convert the result from moment
space to x-Bjorken space. In Eq.(43) the notation
∆M [xgNS1 , j + 2] for the polarized moment of structure
function is equivalent to the ∆MNS(n,Q2) in Eq.(45).
It should also be noted that in converting the structure
function from moment space to Bjorken-x space in con-
ventional pQCD, we used the inverse Mellin technique,
based on Eq.(44), while for the anQCD approach, due to
computational difficulties which are arising in employing
inverse Mellin technique, we resorted to employ the
technique of Jacobi polynomial expansion.
As a further research task, extending the anQCD
analysis to non-singlet case for the unpolarized structure
functions which contains heavy quark flavours would
be interesting subject. Considering the singlet case
of structure functions in anQCD approach is also a
valuable research activity which we hope to report them
in future.
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APPENDIX A: THE SPLITTING FUNCTIONS
AT THE NLO APPROXIMATION
The analytical expression for the splitting functions in
moment space for non-singlet sectors and at the next-
to-leading order approximation are presented in below
which are quoted from [34]. The usual quadratic Casimir
operators are fixed to their exact values, using CA = 3,
TF = f and CF = 4/3.
−∆P (1)nNS± = C2F
[
2
2n+ 1
n2(n+ 1)2
S1(n) + 2(2S1(n)− 1
n(n+ 1)
)(S2(n)− S′2(
n
2
))
+3S2(n) + 8S˜(n)− S′3(
n
2
)− 3n
3 + n2 − 1
n3(n+ 1)3
− 3
8
∓ 22n
2 + 2n+ 1
n3(n+ 1)3
]
+CFCA
[
67
9
S1(n)− (2S1(n)− 1
n(n+ 1)
)(2S2(n)− S′2(
n
2
))− 11
3
S2(n)− 4S˜(n) + 1
2
S′3(
n
2
)
− 1
18
151n4 + 236n3 + 88n2 + 3n+ 18
n3(n+ 1)3
− 17
24
± 2n
2 + 2n+ 1
n3(n+ 1)3
]
+CFTf
[
− 20
9
S1(n) +
4
3
S2(n) +
2
9
11n2 + 5n− 3
n2(n+ 1)2
+
1
6
]
, (A.1).
where
Sk(n) ≡
n∑
j=1
1
jk
, (A.2)
S′k
(n
2
)
≡ 2k−1
n∑
j=1
1 + (−)j
jk
=
1
2
(1 + η)Sk
(n
2
)
+
1
2
(1− η)Sk
(
n− 1
2
)
, (A.3)
S˜(n) ≡
n∑
j=1
(−)j
j2
S1(j) = −5
8
ζ(3) + η
[
S1(n)
n2
+
π2
12
G(n) +
ˆ 1
0
dx xn−1
Li2(x)
1 + x
]
, (A.4)
Li2(x)
(1 + x)
≡ (1.01x− 0.846x2 + 1.155x3 − 1.074x4 + 0.55x5) . (A.5)
In Eq.(A.4) G(n) is defined as G(n) ≡ ψ (n+12 ) − ψ (n2 ) where ψ(z) = d ln Γ(z)/dz. For ∆P (1)nNS± it is assumed
12
η = ±1 while for anomalous dimensions of non-singlet
flavor, η = +1 is considered.
The Sk(n) functions can be written in terms of the
harmonic sums such as [71, 72],
S1(n) = γE + ψ(n+ 1) ,
S2(n) = ζ(2)− ψ′(n+ 1) ,
S3(n) = ζ(3) + 0.5ψ
′′(n+ 1) , (A.6)
where γE = 0.577216 is the Euler constant , ζ(2) =
π2/6 and ζ(3) = 1.20206 .
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